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Abstract 

We extend the previous treatment of Liouville theory on the torus, to the general 
case in which the distribution of charges is not necessarily symmetric. This requires 
the concept of Fuchsian differential equation on Riemann surfaces. We show through 
a group theoretic argument that the Heun parameter and a weight constant are 
sufficient to satisfy all monodromy conditions. We then apply the technique of 
differential equation on a Riemann surface to the two point function on the torus 
in which one source is arbitrary and the other small. As a byproduct we give in 
terms of quadratures the exact Green function on the square and on the rhombus 
with opening angle 2tt/6 in the background of the field generated by an arbitrary 
charge. 



1 Introduction 



Liouville theory plays a pivotal role in several fields both at the classical [H El |3l H] and 
quantum level O El [3 [H El [TOl |TT]. Liouville action provides the Faddeev- Popov deter- 
minant in two dimensional gravity [12] and it gives the complete hamiltonian structure of 
2 + 1-dimensional gravity coupled with particles [13] • It appears also in the soliton solu- 
tions to the gauged non linear Schroedinger equation on the plane [TH |T5l [16] . Liouville 
field has been suggested to play the role of a fifth dimension in the AdS-CFT treatment 
of QCD [n]. 

Recently a renewed interest has developed due to a conjecture [18j that Liouville theory 
on a Riemann surface of genus g is related to a certain class of A/" = 2, 4-dimensional 
gauge theories and the conjecture has been supported by extensive tests on genus and 
1 [13 EHl El] and proven in a class of cases [22j. 

In the topology of the sphere important results regarding the four point conformal cor- 
relation functions have been obtained in [23] and their relation to the one point function 
on the torus suggested in [23] and proven in [21]. 

We recall that the classical solution provides the starting point for the semiclassical ex- 
pansion and that such semiclassical expansion was used to confirm the first few terms of 
the bootstrap solution on the sphere, pseudosphere and disk topologies and also to give 
some results on higher point functions when one source is weak [23 ESI EZ] • 
The simplest situation is given by the topology of the sphere for which many results are 
available both at the classical and quantum level. The torus topology is intrinsically more 
complicated that the sphere. For example the one point function on the torus appears to 
be of comparable complexity as the four point function on the sphere ^3J. 
In a previous paper [21] Liouville theory on the torus was examined in the simpler situation 
in which the distribution of charges is invariant under refiection z — —z. As the map given 
by the Weierstrass function u = p{z) is invariant under refiection it turns out that one 
can map the problem on the Riemann sphere, where well developed techniques exist along 
with several results. In the symmetric situation, periodicity, which is the fundamental 
constraint, is obtained by imposing monodromicity in u. In fact monodromic behavior in u 
at the singular points points Cfc (see J28j and section [3]of the present paper) combined with 
refiection symmetry is equivalent to the periodicity constraint along the non collapsible 
cycles which in the general case is much more difficult requirement to implement. 
In [21] the exact solution for the one point function on the square was given and several 
problems which can be dealt with perturbation technique solved. 

In the present paper we deal with the problem in full generality i.e. when the distribution 
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of charges is not necessarily invariant under reflections; to do this the shall need the full 
description of the torus as a double sheet cut-plane and we shall need the notion [2111301 EI] 
of differential equation on a Riemann surface. As discussed in the differential equation 
which solves the Liouville equation in the case of the torus contains even in the simplest 
case of the one point function a parameter, the Heun parameter which does not appear in 
the case of the sphere topology with three sources. Such parameter, along with an other 
weight parameter has to be determined by imposing monodromicity on the two sheet cut 
plane or equivalently by imposing the periodic boundary conditions. In the case of the 
square and of the rhombus with opening angle 27r/6 such parameter turns out to be zero 
and the problem is reduced to an hypergeometric equation (see Appendix B); on the other 
hand the exact non perturbative determination of the Heun parameter in the general case 
to our knowledge in not an accomplished task [32l [331 EH l35] . 

The structure of the paper is the following: In section [2] we display the mathematical 
framework of the formulation of differential equations on a Riemann surface. 
In section El we show with a group theory argument how the Heun parameter along with 
the weight parameter \k\ give the necessary and sufficient degrees of freedom to satisfy 
all the monodromy requirements. 

Then in section H] we solve the problem of the addition of a small charge when the solution 
for a single (non necessarily small) charge is given, as it is the case of the square and of 
the rhombus with opening angle 2tt/6. The treatment however is completely general. 
As a by product we obtain is section [6] the expression by quadratures of the exact Green 
function on the background generated by an arbitrary charge. The expression holds also 
for the general torus; the only difference is that while for the square and the rhombus of 
opening angle 27r/6 we know the expression of the unperturbed solution, for the generic 
torus such unperturbed solutions are not known in terms of usual functions. 
In order to display the workings of the technique discussed in sections [2] and El in Appendix 
A we give the perturbative determination of the conformal factor for a weak source in the 
general case i.e. when the source is not symmetric wrt to the position of the kinematical 
singularities Uk which arise in the transition from the global covering variable to the 
coordinates {u = p{z),w = p'{z)) which provide a one-to-one description of the torus. 
In Appendix B for completeness we report the solution for the square given in |28j and 
we also add the solution in terms of hypergeometric functions for the rhombus of opening 
angle 27r/6. The deformation technique developed in [28] can be applied to both of these 
cases. 
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2 Differential equations on a Riemann surface 



We give here the elements of the theory of differential equations on a Riemann surface. 
For more details see e.g. [291 EHl [31]. A surface with the topology of the sphere can be 
mapped on the compactified plane where the usual theory of linear differential equations 
apply (see e.g. EZl ESI ESI SO])- To extend the concept of differential equation to a 
Riemann surface it is useful to rewrite the second order differential equation 

y"{x) + q{x)y{x) = (1) 

in the form 

dY 

dY + TY = —dx + T^dxY = Q (2) 
dx 



where 



y-\':A (3) 



and 

^ ) 

and we have denoted in eq. ([I]) by a prime the differentiation wrt x. For well known topo- 
logical reasons when the manifold has genus 1 or higher we have no global coordinate at 
our disposal and thus we must use more than one chart with analytic transition functions. 
It is useful to consider ?/ as a differential of the fractionary order — |, i.e. in the change 
from the variable x to the variable x we have 

(dx\ 
— \ =y{x{x))s{x) (5) 

where ^ 

^(^)-fSV'- (6) 



^dx J 

One easily finds, denoting with a dot the derivative wrt x 

Y{x) = n-^J ^ ) Yix) ^ U-'Y{x), U E SL{2C) (7) 

and Y obeys 

~ ~ dY 

dY + TY = —dx + Ts,dxY = (8) 
dx 

The usual transformation of a connection gives 

f = U'^dU + U-^VU = fi dx (9) 
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with 

-1 



q 



(10) 

The term - is the Schwarzian derivative of the transformation 



- - n 

4 _„ u 



It is of interest to notice that the assumed nature ([5]) of the solutions y of eq.([T]), which 
leaves the Wronskian of two solutions unchanged, makes the well known expression |2Bj 
for the conformal factor in terms of two independent solutions of the differential equation 

m 

(12) 



[yi{x)yi{x) - y2{x)y2{x)]^ 
a differential of order (1,1) as required for an area element 

e'^(^)rfx Adx = e^^^Ui: A dx . (13) 

One can extend the concept of Fuchsian differential equation to differential equations on 
a Riemann surface provided the term q or better the (2, 1) component of the connection 
r is a meromorphic function on the Riemann surface i.e. [H] the ratio of two polynomials 
of the same order in the homogeneous coordinates describing the surface. 



3 The torus 

The torus is described by the cubic curve in euclidean coordinates 

{u,w), = 4:{u - ei){u - e2)iu - es) = 4:U^ - g2U - gs (14) 

with 

ei + 62 + 63 = (15) 

or in homogeneous coordinates 

X^Xo = 4(Xi - 6iXo)(Xi - 62Xo)(Xi - 63X0). (16) 
To the Liouville equation 

- d,ds(j) + = 27rT]6{z - Zt) (17) 
there corresponds the differential equation in u given by 

!/"(«) + Q(u,ti;)y(n) = (18) 
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with Q{u,w) a meromorphic function on the torus with second order poles at due to 
the presence of the Schwarz derivative in flTU]) and a second order pole at (m, w) = {t, Wt) 

^, , 3 / 1 1 1 2ei 



+ 



16V(M-ei)2 (M-e2)2 (M-e3)2 (ei - e2)(e3 - ei)(M - ei) 

262 ^ 263 

(62 - 63) (6i - 62) (m - 62) (63 - 61) (62 - 63) (m - 63) 



2 '"(if + Wt)"^ 



4:W 



-u-2t 



l_ ^ (3t{w + Wt) 
w 2{u — t)w 



+ ^1 + ^ + 1^ (19) 

2(m-6i) 2(m-62) 2(m-63) ^ ^ 

where the A appearing in the residue of the double pole at (u, w) = {t, Wt) is given by 
A = 1 — 2r]. Due to the factor w + Wt the pole is present only on the first sheet. The 
term —u — 2t is necessary to assure that Q does not show an irregular singularity at 
infinity. The f3i, (32, (3^, (3t are the accessory parameters. The above structure can be 
trivially generalized to any finite number of sources. Obviously we could place the source 
at 2;t = simplifying the structure of Q as was done in [28] but in the perspective of the 
general non symmetric situation (see e.g. section H]) we work here in full generality. 
The first two lines in the expression of Q is simply the contribution of the Schwarzian 
derivative for the transition from the covering variable z to the variable u. The asymptotic 
behavior of Q in the local covering variable at infinity v, with = 1/m is given by 

1 /31/ 1 — A^ 

2 + 1^2 + (33 + PtV + + 2 [^^"^^ + ^262 + /33e3 + Ptt + 

+v' + ^(12t^ - 92)) + 0{v% (20) 



Regularity of 
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QAy)=Qiu,w)\^—j -{u,v} (21) 
at f = i.e. absence of charges at z = implies 

/3i + /52 + /33 + A = (22) 
1 — A^ 

Aei + (3262 + (3363 + (3tt + = (23) 

and thus at the end we have one free accessory parameter, say /3i which has to be used 
to satisfy the monodromies at {t, Wt) and along the two fundamental non contractible 
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cycles. We want to show at the non perturbative level how one free accessory parameter 

is sufficient for the purpose. 

Let Ui and 1/2 be two independent solutions of 

y" + Q{u,w)y = (25) 

of Wronskian Wi2- We must find combinations 

Vi = anyi + ai2?/2, 2/2 = «2i2/i + 0221/2, (26) 

such that 

Ivll' - l2/2r (27) 

is monodromic. As the Wronskian is fixed the transformation must be of SL{2, C) type, 
which corresponds to six real degrees of freedom. In addition we notice that the mon- 
odromy of fl27|) is unchanged under an SU{1, 1) transformation which corresponds to three 
real degrees of freedom. Thus the Qjk provide effectively only three real degrees of freedom 
to which we have to add the real and imaginary part of i.e. 5 real degrees of freedom. 
We shall have to satisfy the monodromy condition at all singularities {t,wt), (efe,0) and 
along the two fundamental non contractible cycles Ci and C2. 

With regard to the cycle Ci we can use three degrees of freedom (e.g. those given by the 
Qjk) to obtain 

Mi2(Ci) = M2i(Ci) and |Mn(Ci)| = |M22(Ci)| (28) 

which is sufficient to give the SU{1, 1) nature of the transformation M{Ci). Finally we 
use the remaining two real degrees of freedom (the real and imaginary part of Pi) to 
impose 

Mi2(C2) = M2i(C^2) . (29) 

This is not enough to give the SU{1, 1) nature of the transformation M(C2). However 
from the contour shown in Fig.l, obtained by deforming a loop around zt, the following 
relation holds 

M(Ci)M(C2)M(Ci)-^M(C2)-' = Et (30) 

being Et the elliptic transformation around Zt. The reason is that the monodromy trans- 
formations around each of the singular points z = Uk and z = is simply —1, because the 
indices at those points are 1/4, 3/4 in u — and —3/4, —1/4 at m = 00 and a turn in the 
local covering variable corresponds to a double turn in -u — and in u at infinity. Now the 
following simple theorem holds: If in eq.f l5U]) M(Ci) G SU{1, 1) and eq.f l2^ is satisfied 
and Et is elliptic, then M(C2) G SU{1, 1) and as a consequence also Et G SU{1, 1). 
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Fig. 1 



In fact after eqs.f l28|29|) are satisfied the matrices M(Ci) and M{C2) take the form 

Af(CO = f"" (31) 

\mi2 mil J 

M(C,)=P/'' = ""V (32) 

Y ni2 pe '"'pj \ ni2 Uup J 

The positive number p is fixed by the elhptic nature of the product (1301) i.e. 

tT{M{Ci)M{C2)M{Ci)-^M{C2y^) = R + Ap + Bp^ + Ap-^ + Bp-^ = real (33) 

with 

R = {mi2ni2Y + fniifhiiniinii — m^^ni2ni2 + c.c. = real (34) 
A = (mil - mii)nii{ni2mi2 + riurhu), B = -mi2mi2"-ii • 

Eg. (133 p has the discrete solution p = 1. In general p = 1 is not the only solution of 
eq. (l33i) . The results of Picard [HE] which apply also to topologies other than the sphere, 
assure us that the values of the free parameters which realizes the monodromy are unique 
and thus p = 1 is the only solution which realizes all the monodromies. In the next section 
we shall apply a perturbative version of this theorem to the addition of weak sources. 
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4 Addition of a weak source 



In the present section we shall apply perturbation theory to give in terms of quadratures 
the two point conformal factor when one source is arbitrary and the second small. A 
similar problem was solved in [28] in the simpler situation of the perturbation provided 
by two weak symmetrical sources and which could be treated with methods of the sphere 
topology. Here instead being the situation non symmetrical we have to exploit in full 
the two sheet representation of the torus given by the cubic (fH|l . We shall keep the 
treatment at full generality; we recall that in two instances ( the square, and the rhombus 
of opening angle 27r/6 as given in Appendix B) the exact solution is known and thus we 
shall for a perturbation of these situations have a solution in terms of quadratures. The 
same formulas apply starting from the general non perturbative one point function with 
the difference that in this case the unperturbed functions are given by the solution of the 
Heun equation, at a special value of the Heun parameter for which we do not possess an 
explicit formula. 
The equation to be solved is 

y" + {Q + q)y = Q (35) 

where Q, describing a source of arbitrary strength at the origin 2; = i.e. u = 00, is given 
by [28] 

QW = 7 TT TT r 36 

16 (u - ei)(M - e2)(n - eg) 

3/1 1 1 2ei 



lQ\{u-eiy (^-62)2 (^-63)2 (ei - e2)(e3 - ei)(M - ei) 



^ 262 ^ 263 



(e2 - e3)(ei - e2)(u - 62) (es - ei)(e2 - e3){u - 63) 
with the non perturbative Heun parameter /3 fixed to the value which provides the mon- 
odromic one point solution on the torus. We know the exact value of such a parameter 
only for the special cases of the square and the rhombus with opening angle 27r/6 where 
/3 = for symmetry reasons. We shall denote by yi{u) and y2{u) the two unperturbed 
solutions, with real Wronskian W12, which realize the monodromic conformal factor 

e-du A du = . (37) 

[yi{u)yi{u) - y2iu)y2iu)]'^ 



The perturbation q is given by 
q{u,w) = — 

Wt 



^" + "'^' u-2t 



l_ ^ Ptjw + Wt) ^ 
w 2{u — t)w 



2{u - ei) 2{u - 62) 2{u - 63) ^ ' 
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and it describes the additional weak source at {t,Wt). We had to allow in (138|) for a new 
accessory parameter (3t a.t u = t and the (32, are the 0{e) changes of the accessory- 
parameters at 61,62,63 of eg. (15^ . Again they are subject to two Fuchs relations which 
are imposed by the condition that the behavior of Q + q a.t u = 00 remains unchanged, 
i.e. the source at the origin z = {u = 00) remains unchanged. They are 

/3i + /32 + /33 + A = (39) 

(3iei + (3262 + /^ses + At + e = 0. (40) 

The analogue of eg. fl24p here is absent as now the origin is a singular regular point. Thus 
we are left with two free accessory parameters, say (3t and (3i. The perturbed solutions 
are given by 

yl = yi + Syi, 1/2 = 1/2 + ^y2 (4i) 



where 



with 





I 12 III 


= yi 


Z/2 




W12 W12 




I22 I12 


= yi 


y2 — 




Wi2 Wi2 






ijk = 






JUQ 



5yi 

5y2 = yi-^ - y2-^ + C2iyi + C22y2 (42) 

(43) 



and the 0{e) constants Cjk correspond to the addition of the unperturbed solutions and 
they satisfy cn +C22 = to leave the Wronskian unchanged. As we have already discussed 
in section [3] if one factors the SU{1,1) transformations the cjk provide only three real 
degrees of freedom. We shall first examine the monodromy at the new singularity {t, Wt). 
Taking into account that the integrands of Ijk contain a first and second order pole at 
u = t whose residues are 

(3ty,{t)yk{t)+e{y,{t)yk{t)y (44) 
we have that the change of such integrals under a tour around (t, Wt) is 

6I,k = 27Tt {(3tyj{t)yk{t) + e{yj{t)yk{t))') . (45) 

The monodromy matrix of yl and ^2 (t, Wt) is given by 

\ Sh2{t) 5hi(t) \ 



\ U112 U112 / 

Monodromy at (t, Wt) reguires 



U112 



M,2(t)^M2.(t) ..e. I = t4=r^. (47) 
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It is worth noticing that the /5f is fixed independently of all the other parameters. As 
the transformation at {t, Wt) is elliptic i.e. e real, the condition fH7|) is sufficient to assure 
that the transformation belongs to SU{1^ 1). On the other hand Mii(t) = M22{t) can be 
explicitly proven using the expression of I12 as follows. Eq.( H7|) tells us that 

which, being e and W12 real gives 

Ptyi{t)y2{t) + e{yi{t)y2{t)y = real (49) 

i.e. Mii(t) = M22(t). We add now a remark which will be essential in the following 
development. If we consider a contour D, see Fig.2, which embraces both the origin 
and the weak singularity at {t, Wt) the resulting monodromy is elliptic. More precisely 
the product of the perturbation Mq = Mq + 6Mq of the original unperturbed elliptic 
transformation Mq G SU{1, 1) at 2; = and the 5*^7(1, 1) monodromy near the identity at 
z = Zt is elliptic. In fact 

= H + ^"^^^ "^^^ + ^"^A (50) 
\mi2 + 6m2i mil + 5m22 J 

is still elliptic because the source at the origin is unchanged and ellipticity tells us that 
6mii + 6m22 = real and the elliptic SU{1, 1) monodromy M{t) near the identity can be 
written as 

M{t) =[ . (51) 

\ 1 — ir J 

with r = real and 5m jk, r and b all of order 0{e). Their product E has the diagonal 
elements 

Ell = "mil + 6mii + irmn + bm^, E22 = rfiu + 5m22 - irrfiu + 6mi2 (52) 

with trace real and by continuity, of modulus less than 2. Thus E = M^Mlt) is elliptic. 
We can now deform the contour D which embraces the origin z = and Zt as shown in 
Fig.2. Around the singular points (efc,0) we have 



(53) 



due to the cancellation of the {u — 6^)2 contributions given by the integrals Ijk- In the 
local covering variable w we have 

yi ^ {ai + biw), j/2 ~ "U^^ (^2 + &2'U^) (54) 
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Fig. 2 



SO that for a tour around the singularity i.e. w — )■ e^*'^w we have yi — > —yi and ?/2 — ^ ~l/2 
and thus the monodromy matrices at Uk are all —1. Thus we have 

M%Ci)M%C2)M%Ci)-^M%C2)-^ = -M^M(t) = elliptic. (55) 

We can now repeat the argument given in section |3]to conclude that the imposition of the 
SU{1, 1) nature of M'^(Ci) and the relation M{^2(C'2) = ^^21(^*2) is sufficient to assure the 
SU{1, 1) nature of transformations M'^{C2)- As a consequence E = M^Mi^t) G SU{1, 1) 
and being already M{t) e SU{1, 1) we have also e SU{1, 1). 



5 Determination of /3i and Ckj 

We come now to the determination of the parameters Pi and Cjk- The perturbed Y is 

r-f^^ + M=(l + F)F = (l + F)M (56) 
\y2 + 5y2 \y2 



with 



— + Cii — ^ + C12 
— + C21 -^-cii 



(57) 



We denote with Y and F'^ the solutions computed at the same point on the torus but 
reached through a cycle 

^^= = (1 + ^)^, (58) 
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We have for the unperturbed problem 

Y = MY, M G SU{1, 1) (60) 

and for the perturbed one 

Y'= = {1 + F)MY = {1+ F)M{1- F)Y'= = {M + FM - MF)Y^ = 

= {I + F - MFM-^)MY^ = M^Y" (61) 

with 

= {I + F- MFM-^)M = M + 6M. 

We have 

p^^^fyim -y^y^^^MF'M'^ (62) 

^12 \y2y2 -y2yij 

and thus 

F' - MF'M-^ = (63) 

giving the constancy of M'^. 

Writing = M + SM, for the cycle Ci the relation SM^iCi) = (5M2i(Ci) gives 



2 Wu (Cll + Cii) = /i2(Ci) + /i2(Ci) + /i2(Ci) + /i2(C; 



+ ^^(-^12 (ci2 - C21) + /n(C7i) + /22(Ci)) 

+ (^12 (ci2 - C21) - /n(CO - 722(C0) . (64) 

The Ijk{Cr) are of the form 

I,k{Cr) = sAjkiCr) + (3lB,k{Cr) (65) 

i,u{Cr) = eA,k{Cr) + PlB,j,{Cr). (66) 
We see that only the combinations 

Cll + Cll = r = real and C12 — C21 = s (67) 

appear in such relation. This, as discussed in section [31 is due to the remnant SU{1, 1) 
invariance of the monodromy conditions. Thus the previous is a system of two linear non 
homogeneous equation in r, Re s, Im s and Re /3, Im (3. 
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The condition |Mfi(Ci)| = |M|2(Ci)| gives 



explicitely 



Re(5Mn(Ci)Mn(Ci)) = Re{5M^^{Cr)M22{Ci)) 



Mn(Ci)Afn(Ci)(-/i2(Ci) - h^iCi) + /i2(Ci) + /i2(Ci)) 



+ Re 



Mn(Ci)Mi2(Ci) ( - /22(Ci) - /n(Ci) + w^^ s) 



+ Mn(Ci)Afi2(Ci)( - /n(Ci) - /22(Ci) + ^12 s) 



which is one inhomogeneous hnear equation. 

To this we must add the relation 5Mi2{C2) = 5M2i{C2) which reads 

-2Wl2r = /l2(C2)+/l2(C2)+/l2(C2)+/l2(C2 

Mn(C2^ 



+ 



+ 



Mi2(C2) 

Mll(C2) 
Mi2(C2) 



-Wi2 S + 111 (C2) +122(^2)) 
Wi2 S - /ll(C2) - /22(C2 



(6J 



(69) 



(70) 



which is an other system of two hnear inhomogeneous equations. 

The equahty of the real parts of 0641) and fl7Up and the vanishing of the imaginary part 
of flM|) and (I7UI) and fIBIJl) provide a linear inhomogeneous system of four equations in the 
unknown Re /3, Im /3, Re s, Im s. The outcome substituted into flMl) provides r. 



6 The Green function on the one-point background 

Taking the derivative wrt e of the equation 

- d,d-,4) + e^ = 27r7]S\z) + 27re6\z - Zt) (71) 

satisfied by the we computed in the previous section we obtain the exact Green function 
on the one-point background. In fact we have 

{-d,d, + e*)^^ = 6'{z-zt). (72) 
/vr ae 

— ^ can be simply computed by taking the derivative of 09 obtained in the previous section 

de 

from and 1/2, as the logarithm of the Jacobian appearing in the transition from (f) to (p 
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does not depend on e. We have adopting the choice — |?/2p > (we recall that the 
previous difference never can vanish) 



Idip d5yi d6y2 , , 



(73) 



TTWuiywi - y2y2, 

+ (yiy2i- ill - i 22 + Wi2 s) + C.C. 



iViVi + Z/2I/2) {ii2 + ii2 + W12 r 



(74) 



where 



and G satisfies 



e 



Ijk = — , r = - 



'-dA + e'^)G{z,Zt) = 5\z-Zt] 



(75) 
(76) 



7 Conclusions 

In this paper we have extended the treatment of a previous paper [28J to the general 
case in which the distribution of charges is not symmetric under reflections with respect 
to the origin. In this case one has to apply the concept of differential equation on a 
Riemann surface and in particular the concept of Fuchsian differential equation on a 
Riemann surface. As in [28j new accessory parameters appear which have to be fixed by 
imposing the monodromic behavior of the solution. This is a more difficult task than in 
the symmetric case where sphere topology techniques could be applied. We gave a general 
group theoretic argument to prove that the Heun parameter and the weight factor are 
sufficient to satisfy all the monodromies. To give a concrete illustration of the procedure, 
in Appendix A we work out explicitely a perturbative case. Then in section H] we deal with 
the problem of the addition of a weak source to the solution of the one point function. 
The procedure is completely general even if we know the explicit form of the solution only 
in the cases of the square and of the rhombus of opening angle 27r/6 which are reported 
in Appendix B. This is due to the fact that in these cases for symmetry reasons the Heun 
parameter /3 vanishes. As a byproduct we also obtain the exact expression in terms of 
quadratures of the Green function on the background of one source of arbitrary strength. 
The results can be used to develop the quantum semiclassical expansion as done for the 
pseudosphere, sphere and disk topologies in 
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Appendix A 



In this appendix we summarize the general perturbative treatment of the one point func- 
tion on the torus when the source is not symmetrical with respect to the kinematical 
singularities and which requires explicitely the two sheet representation of the torus. 
The general discussion in the non perturbative case was given in section [31 here we give 
the explicit calculation for the perturbative case. The differential equation in the variable 
u is given by 



,„,+Q!/ = (77) 



with Q = Qo + q and 



^ , , 3 / 1 1 1 2ei 



16V(M-ei)2 (M-e2)2 (^-63)2 (ei - e2)(e3 - ei)(M - ei) 

2e2 263 
+ 7 TT r + 



(62 - 63) (61 - 62) (m - 62) (63 - 61) (62 - 63) (m - 63) 

= -{z,u} = {u,z}(^^^ . (78) 

Qo is simply minus the Schwarzian derivative {z, u} for the transition from the covering 
variable z which describes the torus by the plane modulo the discrete translation group, 
to the variable u = p{z). Thus the ej are "kinematical" singularities. 
The term g is a meromorphic function on the cubic curve flT^ describing the weak source 
at the point (t, Wt) 



q{u,w) 



e 

Wt 



^" + "*)' u-2t 



4(m - 1) 



2 



w 2{u — t)w 



+ ^ + + ^ f79) 

2(m-6i) 2(^-62) 2(^-63)' ^ ' 



As we shall see later we have to allow in (179|) in order to satisfy the monodromy conditions, 
for the new accessory parameter /3t in addition to the variations [5j of the unperturbed 
accessory parameter appearing in (ITS]) . 

The Fuchs relations which leave the u = 00 behavior regular with no source at z = are 

= /3t + /3i + /32 + /33, = £ + t A + ei /3i + 62 /32 + e3 /33. (80) 
Using u, with v"^ = 1/u as covering variable at m = 00, the asymptotic behavior of q is 
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given by 

/3i + /32 + /33 + A 2 , /3iei + /32e2 + /Saes + At + £ 4 , 
q = V H V + 

2Au;, + e(12t^-(72)M 5 , 
8 ^ 

^ Ae^ + /32el + Aej + + 2 g t ^^^ ^ ^^^^ 

First we examine the monodromy at {t,wt). Two independent solutions of the unper- 
turbed equation y" + Qoy = are 

/w fw 
2"' ^2 = W- (^-t^s), with Z = z-zt. (82) 

Their Wronskian is W12 = 1/2. The perturbed yi solution is given by 

yi + 5yi = yi + yi— - y2— (83) 

W12 W12 

with 

hi = / q{u)yi{u)yi{u)du = (84) 



24 [4(w-t): 



u-2t 



w 2{u — t)w ^ 2(u — Cfc 



E—. r I Wdu . 



A necessary condition for having monodromy at (t, Wt) is that the change of In for a tour 
around t vanishes i.e. 

We notice that such a condition on A gives also the monodromy at f = as from flSTl) we 
have that the first order pole at f = of q{u,w)w du/dv vanishes. This is an outcome 
of the fact that the sum of the residues of a meromorphic function on a closed manifold 
vanishes and due to the factor w there are no residues at the points (e^, 0). After fixing A 
to satisfy fl85p . due to the two Fuchs conditions fl80p we have still one accessory parameter 
free. 

In absence of the first order poles In, due to a general theorem [12] becomes with Z = z—Zt 
hi = I I'iPiZ) + c,)dZ = ^ei-aZ) + Cicos)) + ^|(^ - ^3) (86) 

where we choose from now on Uq = p{zt+u)3) and Ci replaces the free accessory parameter. 
Similarly 

/12 = - / {p{Z) + ci){Z-uj^)dz= (87) 
= ~aZ)iZ - us) + e^-^{Z^ - ul) + \eC + .|(Z - c.3)^ 



16 





' z 


V) 






V) 



where 

^ = log ri'Z\l - (88) 
Then 

y'i = yi^hx= (89) 

The remaining condition for the monodromic behavior at (t, is the reahty of e which 
corresponds to the eUipticity of the singularity. The perturbed is [28] 

e-¥ = f-\ WiVl - l«^l'^2/2] (90) 



where IkI'^ = 0[e) and thus j/2 is a general solution of the unperturbed equation which 
we write as 

yl=^[^Z-U,). (91) 

Wo is going to be chosen along with c\ and |k| to satisfy the periodicity conditions. 
We are left with the imposition of the monodromic behavior along the two fundamental 
non contractible cycles. This can be done both in the (m, w) or z coordinates. To order 
0[e) for the structure \y'^ — \i^^\y'2\' to be monodromic under the transformation 

y'i^y'{{\^ea)^ehyl, vl^vl^fvl (92) 

we have the necessary and sufficient conditions 

e(a + a) = eh=\K\^f. (93) 



Using 

Q^[v - l|r) = -Qx[v\t), ei{v - t\t) = -ei{v\T)e'^^^''-^^ (94) 
for the cycle Ci, z ^ z — 2u)i we have for small e 

a W12 = ojiCiojs) + ciui{-ui + Wo - c^s) + C(wi)(wi - ^o) + ^ log(-l), 

b W12 = ciui - C{uji), f = -2ui (95) 
and for the cycle C2, z ^ z — 2l>ji 

a Wi2 = Ci{-UJ2-UJ2UJ3+UJoUJ2)+(^2C{^3)+C{^l){ ) + 7T iog(-l) + 

iOi UJi 2 2 LOi 2 

b W12 = C1U2 - Ciui)— + i^, f = -2u2. (96) 
uji Z(jJi 
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The equation 

fixes Ci and gives using the Legendre relation with lm{u2/u}i) > 



Cl 



Then from 



we have 



eb 
1 



lire 



> 



(97) 



(98) 



(99) 



(100) 



W12 2{lOiL02 - UJ1UJ2) 4:Wi2{iOlUJ2 - W1W2) 

Imposition of the remaining relations involving the a's give uq = U3 and the final result is 

2 



e 2 



1 



2V2wi2\k\^ V 2w 



1 + 



^12 



log 



9i{ 



2tJi 



A(uJiUJ2 — UJ1UJ2) ^1 



4 cji ■ ■ 



W2. 



(101) 



The relation between the e of the previous paper [2B] (call it £p) and the present e is 



Appendix B 

For the reader's convenience we report in this appendix the exact solution for the square 
given in |2B| in terms of hypergeometric functions. We add also the explicit solution 
in terms of hypergeometric functions of an other soluble case i.e. when the torus is a 
rhombus with an opening angle of 27r/6. 
1) The square. 

With 63 = 0, Cl = —62 = 1 and /3 = the term Q of eq. (15B]) becomes 

1-A2 3 (1+^2)2 



'^^"'^ ~~ 16(^2-1) ' 16^2(1 -m2)2- 

Two independent solutions canonical at 63 = are 



yi 

y2 



1 1/ o,i„,l — A 1 + A 3 o. 
k-^m3(1 - m2)3F(^— , — ; -; u^^ 



'4' 



A 3 + A 5 



-; — : u 

' 4' 



(102) 



(103) 
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and the parameter |k| is 



my r(Wmr(W(^ 



'7+A^ 



r(!)y r(i-A)r(i±A)r(^)r(^) 

so that the conformal factor is given by 

2 



r^(!)r(^)r(^) 
r^(i)r(iT^)r(i±^) 



(104) 



e 2 



721 



,1 — A 1 + A 3 2/ \\ 



\K\ \U[Z) 



,3-A 3 + A 5 



with = p{z) and the half periods corresponding to ei = —62 = 1, 63 = are 

1.31103.. 



r(!) 



r(!) 



(105) 



(106) 



2) The rhombus with opening angle 27r/6. 

Also in this case for symmetry reasons combined with Picard's uniqueness theorem we have 
that /3 = in the Q of eq. fl36l) . The values of the are given by ei = 1, 62 = exp(2i7r/3), 
63 = exp(4i7r/3). The term Q of eq. (l36i) becomes 



Q{u) 



l-A^ 



u 



16 



3 

16 



3u + 6u 
(u3 - 1) 



2u 



Going over to the variable a; = we obtain the differential equation 



9x— ■ + 6— + 

dx^ ax 



3x + Q 

[X - 1)2 



X — 1 



y = 



(107) 



(lOJ 



_16(x-l) 16 

which can be solved in terms of hypergeometric functions. Two independent solutions 
canonical at u = are given by 



yiiu) = «:-^(l-«^)iF(l^,l±A;|«3^ 



12 



; -; u 

12 '3' 



Monodromicity conditions impose 



\K\ 



r(|)\^r(^)r(^)r(ii^)r(ii±^) 



11+A^ 



r(|); r(2^)r(^)r(i-^)r(i±^) 
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from which we obtain the conformal factor 



_0{£) 

e 2 



V2\ 



K\ 



^,1 - A 1 + A 2 



— \K,\ \U[Z 



vrr(^)r(^: 
P(ljr(W(¥ 



(109) 



(110) 



6/" V 6 ^ 6 

5-A 5 + A 4 



12 



12 



where \k\'^ is given by eq.f lllOp and the half periods corresponding to ei = 1, 62 
exp(2i7r/3), 63 = exp(4i7r/3) are 



Ui = ci;2 exp(— z7r/3) = 



r(|) 



1.21433.. 



(Ill) 
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